Special function: Leaf function r=cleafn(l) (Second report) by 篠原 主勲










In the previous report, the special function: leaf function r=sleafn(l) was presented. The distance |r|n between the origin and 
the point on the leaf curve is equal to sin(nș) (ș:angle, n:natural number). Using the equation |r|n=|sin(nș)|, the shape of the 
leaf is described on the x-y plane. In this paper, the special function: leaf function cleafn(l) is presented. The relation between 
the function cleafn(l) and the function sleafn(l) is described. 
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1㸬Introduction 
In this paper, variables are always real numbers. Complex 
numbers are not considered. We follow the ordinary 
differential equation (ODE): 
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The variable r(l) represents a function with respect to the 
variable l. Equations (2) and (3) represent the initial 
conditions of an ODE. The number n represents a natural 
number (n=1,2,3,͐). 
In the paper, a leaf function cleafn(l) satisfying Eqs. (1)-(3) 
is presented. The relation between the leaf function and its 
geometry is described through numerical results by 
substituting n=1,2,3,4,5, and 100 in Eq. (1). 
2㸬Symbols 
The symbols used in this paper are as follows: 
n: Natural number ( n=1,2,3,͐)In the paper, it is named as 
basis. 
r: Distance between the origin and the point on the curve 
 
022 t yxr  (4) 
 
As described below, the negative variable r has to be defined 
in Eq. (1). 
ș:   This variable represents the angle. In this paper, the 
unit is radian. Counter-clockwise is positive. Clockwise is 
negative. 
l:    Arc length on a leaf curve 
 
Numerical values are rounded off to five decimal places, 
and calculated with a precision of up to four digits. 
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3.1  Elliptic function [1] 
The inverse Jacobi elliptic function arccd is defined as 
follows [1]: 
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where parameter k is the modulus of the elliptic integral. The 
sign t represents a parameter. Therefore, Eq. (5) is as 
follows: 
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3.2  Leaf curve ( x - y plane) 
 In the first report, as geometrical features of the leaf 
function: sleafn(l), the leaf curve is defined as follows: 
 
  )0(,3,2,1sin t  rnnr n T  (7) 
 
When the curve is described by a graph consisting of two 
axes (the x-axis (the horizontal axis) and the y-axis (the 
vertical axis)), the shape of the curve is similar to the shape 
of the leaf. Therefore, the curve is defined as the leaf curve. 
As a pair of Eq. (7), the leaf curve is defined as follows: 
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In the case of n=1, the graph of the equation r=cos (ș) is 
shown in Fig. 1. When the angle ș increases, the point 
(x,y)=(1,0) is close to the origin along the circular arc. As 
shown in Fig.1, the curve is described on a graph consisting 
of two axes, the x-axis (the horizontal axis) and the y-axis 
(the vertical axis). The curve in Fig.1 represents the one 
right curve. In the case of n=2, the leaf curve is shown in 
Fig. 2. The leaf curve represents the lemniscate curve. In the 
case of n=3,4,5, and 100, these curves are shown in Fig. 2 - 
Fig. 6. These curves are defined as the two positive curves, 
the three positive curves, the four positive curves, the five 
positive curves, and the hundred positive curves. When the 
number n is increased in Eq. (1), the number of leaves in the 
figures increases. 
 
Fig. 1   One positive leaf curve 
 (Circle of center (0.5, 0)) 
 
Fig. 2   Two positive leaf curve  
( lemniscate ) 
 
Fig. 3   Three positive leaf curve 
 




Fig. 5   Five positive leaf curve 
 
Fig. 6   Hundred positive leaf curve 
 
3.3  Leaf function㸦r-l plane㸧㸦in first quadrant㸧 
In this section, we discuss the ODE in Eq. (1). The 
parameter n represents a natural number. The variable l 
represents the length between the origin and the point on the 
leaf curve. 
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The function r(l) is abbreviated as r. By multiplying the 
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By integrating the both sides of the above equation, the 















dr n   (11) 
 
Using the initial conditions in both Eq. (2) and Eq. (3), the 
constant C1 is determined. 
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By solving the derivative dr/dl in Eq. (11), the following 




dr 21 r  (14) 
 
In the leaf function: sleafn(l), within the length range: 0ӌlӌ
ʌn/2, the above equation (the derivative dr/dl) is defined as 
the positive sign. In the leaf function: cleafn(l), the above 
equation (the derivative dr/dl) is defined as the negative sign. 
For example, as shown in Fig.14, the variable l=0 becomes 
the variable r=1. As the length l increases, the variable r 
decreases in Fig.14. Therefore, the derivative dr/dl takes the 
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After separating the variables, Eq.(15) is integrated from 1 
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The following equation is obtained. 
 
 lcleafr n   (18) 
 




   llcleaf cos1   (19) 
 





Therefore, the equation can be described as follows: 
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In the case of n=2, the following relation is obtained: 
 
   ilcdlcleaf ,2   (22) 
 
The elliptical function cd represents Eq. (6). The symbol i 
represents an imaginary number. 
 
3.4   Relation between the geometry and the 
function: cleafn(l) 
In this section, the relation between the geometry and the 
function cleafn(l) is described. The coordinate system of the 
function cleafn(l) is shown as polar coordinates. 
 
Tcosrx   (23) 
Tsinry   (24) 
 
The functions x and y contain both the variables ș and r. Eq. 
(23) and Eq. (24) are differentiated with respect to the 
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In a small domain, the approximation of the length ǻl on the 
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If the variable ǻl takes an infinitely small value, the 
















By substituting Eq. (25) and (26) in the above equation, the 











































By differentiating Eq. (8) with respect to the variable ș, the 
following equation is obtained.  
 
TT nnd
drnr n sin1    (30) 
 










  (31) 
 
By substituting the above equation in Eq. (29), the following 
equation is obtained. 
 
 























































By integrating the above equation from 1 to r, the following 











The above equation is the same as the inverse function 
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The following equation is obtained. 
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By differentiating Eq. (34) with respect to the variable r, the 
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By differentiating the above equation with respect to the 
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Using Eq. (35), the following equation is obtained. 
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Therefore, equations (1)-(3) can be described by the leaf 
function: cleafn(l) . 
 
4㸬Numerical examination of leaf function 
4.1  Leaf curve 
 In the previous section, we discussed the range: rӍ0. The 
leaf function: r=cleafn(l) takes the range r<0 (the reason for 
this is provided in the first report). The geometry and the 
leaf curve: cleafn(l) are related by redefining the leaf 
function r consisting of the variable ș as follows: 
 
,3,2,1cos   nnr n T  (41) 
 
Using the above equation of n=1,2,3,4,5,͐,100, the leaf 
curve is shown in Fig. 7 – 12. 
 
Fig. 7 One positive - one negative leaf curve. 
Fig. 8 Two positive - two negative leaf curve.  
 
 





Fig. 10 Four positive - four negative leaf curve. 
 
Fig. 11 Five positive - five negative leaf curve. 
 
Fig. 12 Hundred positive - Hundred negative leaf curve. 
 
4.2  Extended definition of leaf function 
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In the case of n=1, the constant ʌ1 represents the circular 
constant ʌ. The constants ʌn with respect to n=1,2,3,4,5, and 
100 are summarized in Table 1. The numerical values ʌn are 
rounded off to five decimal places, and calculated with a 
precision of up to four digits. 
 









The leaf function cleafn(l) takes the constant 2×ʌn with 
respect to one period. For the angle ș, the counter-clockwise 
direction is defined as positive. As the angle ș increases 
from 0 to ʌn /2, the distance decreases from 1 to 0. Using Eq. 
(33), one input of the arc length l is calculated with respect 
to one output of variable r. The leaf function cleafn(l) is 
defined as a multivalued function, with one input associated 
with multiple outputs. First, we discuss the parameter n=2 in 
Eq. (34). In the range 0ӌș<ʌ/4 (domain (5) in Table 2 and 
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In the range ʌ/4ӌș<ʌ/2 (domain (6) in Table 2 and Fig. 










In the range ʌ/4ӌș<ʌ/2, the variable r becomes r<0. The 
sign of the variation dr becomes negative as ș becomes 
increasingly negative. On the other hand, the length l 
increases in the positive direction. The sign of the variation 











dl  (45) 






























The constant ʌ2 is given in Table 1. In the range ʌ/2ӌ
ș<3ʌ/4, the domain in the x-y graph is defined as a negative 
leaf. The sign of the variable r becomes negative. The 
variable r varies from r=-1 to r=0. The sign of the variation 
dr becomes positive. On the other hand, the length l 
increases. The sign of the variation dl becomes positive. The 
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In the range 3ʌ/4ӌș<ʌ, the domain in the x-y graph is 
defined as the positive leaf. The sign of the variable r 
becomes positive. The variable r varies from r=-1 to r=0. 
The sign of the variation dr becomes positive. On the other 
hand, the length l increases. The sign of the variation dl 
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In one period of both the positive and negative direction, 
the relation between variable l and r is summarized in the 
case of n=2. For an arbitrary n, the same approach is applied. 
In the range of -2ʌnӌlӌ2ʌn, the variable related to the 
function cleafn(l) is summarized in Table 2 and Fig. 13. With 
respect to the arbitrary n, the relation between variable l and 
r is summarized in Table 3. 
 
 
Fig. 13 Diagram of wave with respect to leaf function: 
cleafn(l)  (In the figure, the numbers (1) - (8) represent the 
domain corresponding to Table 2 ) 
 
4.3 Waves of Leaf function 
 Two types of graph are shown in Figs. 14-25. In the first 
type of graph, the vertical and horizontal axes are set to 
variable r and l, respectively. In the second type of graph, 
the vertical and horizontal axes are set to variable r and ș, 
respectively. The curves of both the x-y graph and the r-l 
graph are described as follows: 
 
 
Fig. 14 Wave of leaf function r=cleaf1(l) (=cos(l))  






Table 2 Relation between variables l and r for the leaf function: r=cleafn(l) with respect to one period in both the positive (0ӌl
ӌ2ʌn) and negative directions (-2ʌnӌlӌ0) 
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Table 3 Relation between the variables r, l, and ș of the leaf function cleafn(l) 
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Fig. 15 Wave of leaf function |r|=|cos(ș)|  
(1 period: T=ʌ×2) 
 
Fig. 16 Wave of leaf function r=cleaf2(l) 
( 1 period: T=5.244(=2ʌ2㸧㸧 
 
Fig. 17 Wave of leaf function |r|2=|cos(2ș)|  
( 1 period: T=ʌ/2×2㸧 
 
Fig. 18 Wave of leaf function r=cleaf3(l)  
㸦1 period: T=4.857(=2ʌ3)㸧 
 
Fig. 19 Wave of leaf function |r|3=|cos(3ș)| 
( 1 period: T=ʌ/3×2 㸧 
 
Fig. 20 Wave of leaf function r=cleaf4(l)  
( 1 period: T=4.654(=2ʌ4) ) 
 
Fig. 21 Wave of leaf function |r|4=|cos(4ș)| 
( 1 period: T=ʌ/4×2㸧 
 
Fig. 22 Wave of leaf function r=cleaf5(l)  




Fig. 23 Wave of leaf function |r|5=|cos(5ș)| 
( 1 period: T=ʌ/5×2㸧 
 
Fig. 24 Wave of leaf function r=cleaf100(l)  
( 1 period: T=4.028(=2ʌ100)㸧 
 
Fig. 25 Wave of leaf function |r|100=|cos(100 ș)| 
( 1 period: T=ʌ/100×2㸧 
5㸬Relation between the function cleafn(l) and the 
function sleafn(l) 
 Using Eq. (35) and Eq. (41), the leaf function: cleafn(l) is 




n lcleafrn )(cos   T   (51) 
 
The leaf function: sleafn(l) is also obtained as follows: 
n
n
n lsleafrn )(sin   T   (52) 
 
The variables r  and l  are described later. Using the 
trigonometric functions, the relation between sin(nș) and 
cos(nș) is obtained as follows: 
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Using the above equation, with Eq. (51) and Eq. (52), the 
following equation is obtained: 
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As shown in Fig. 26, the variables l  and l  represent the 
length at the angle ș. With respect to the angle ș in the x-y 
graph, the arc length l of the function: cleafn(l) is different 
from the arc length l  of the function: )(lsleaf n . The 
variable l in the leaf function cleafn(l) takes the arc length 
between the coordinates (x,y)=(1,0) and the point on the 
curve by the leaf function: cleafn(l). On the other hand, the 
variable l in the leaf function sleafn(l) takes the arc length 
between the coordinates (x,y)=(0,0) and the point on the 
curve by the leaf function: sleafn(l). For example, the case of 
n=2 (the lemniscate curve) is shown in Fig. 26. With respect 
to the angle ș=0, the function )(lsleaf n  takes r=0 at the 
point (x,y)=(0,0). The function cleafn(l) takes r=1 at the 
point (x,y)=(1,0). When the angle ș increases, the arc length 
l increases. The ratio of increase in the leaf function 
)(lsleaf n  is different from the ratio of increase in the leaf 
function )(lcleafn . Therefore, with respect to the arbitrary 
angle ș, The variables of the arc length l and l  are not 





Fig. 26 Geometric relation between the leaf 
function: )(2 lcleaf  and the leaf function )(2 lsleaf  
 
The variables in Eq. (54) consist of both the variables l and 
l . We discuss the following equation. 
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The above equation is integrated from 0 to the variablel. 
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Therefore, it is obtained as follows: 
 
      ¹¸·©¨§ ³ l nnnn dttcleafnlcleaf 0 1cos  (58) 
 
Using the Eq. (8), the above equation and  lcleafr n , the 
angle ș in Fig.26 can be described as follows: 
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The above equation is integrated from 0 to the variable l . 
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Therefore, it is obtained as follows: 
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Using the Eq. (7), the above equation and  lsleafr n , the 
angle ș in Fig.26 also can be described as follows: 
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However, Eq.(54) can be described by using only one 
variable l. In the case of n=1, the equation is obtained as 
follows: 
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The above equation is equal to the 
equation:       1cossin 22   ll . In the case of n=2, the 
arbitrary variable l is satisfied with the following equation: 
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In the case of n=3, the arbitrary variable l is satisfied with 
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(See proof in Appendix) Using the symmetry and the 
periodicity of waves in Figs. 14 - 25, the following equations 
are obtained: 
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The following equations are obtained: 
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The constant ʌn is obtained by Eq .(42). 
 
6㸬Derivative of the leaf function 
In this section, the derivative of the leaf function is 
described. As shown in Fig. 26, with respect to the angle ș, 
the length l and the length l  represents the arc length l of 
the function: )(lcleafn  and the arc length l  of the 
function: )(lsleaf n . As shown in Fig. 26, the variable l  
depends on the length l. Therefore, we can regard the 
variable l  as the function:  ll . The sign of the derivative 
of the leaf function depends on the range of the length l, and 
varies with respect to the range of the length l (See Table 2). 
We only discuss the range: 0ӌlӌʌn/2. Using the formula of 
the chain rule of differentiation, the following equation is 
obtained by differentiating Eq. (54) with respect to the 
variable l. 
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Using Eq. (54), the above equation is as follows: 
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The above equation is as follows: 
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The derivative of the leaf function: cleafn(l) is obtained as 
follows: 
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Eq. (54) is applied to the above equation. Note that the 
variable l is different from the variable l . The second 





     
 













































The third derivative of the leaf function: cleafn(l) is obtained 
as follows: 
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The fourth derivative of the leaf function: cleafn(l) is 
obtained as follows: 
 
 
        





































The above equation is as follows: 
 
 















Next, we discuss the derivative of the leaf function: 
 lsleaf n . By differentiating Eq.(54) with respect to the 
variable l , the following is obtained: 
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The first derivative of the leaf function:  lsleaf n  is obtained 
as follows: 
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Note that the above equation is differentiated with respect to 
the variable l . The second derivative of the leaf function 
 lsleaf n  is obtained as follows: 
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The third derivative is obtained as follows: 
 
 















The fourth derivative is obtained as follows: 
 
 
        





































The above equation is as follows: 
 
 
















7㸬 Addition theorem of leaf function 
The addition theorem of leaf functions is described. In the 
case of n=1 in Eq. (1), the functions that are satisfied with 
an ODE are the trigonometric functions: sin(l) and cos(l). 
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In the case of n=2, the addition theorem of the leaf function 
is described based on the theorem of the elliptical function. 
 
 
              
         
























              
         


























In the above equation, the superscript prime ’ of the leaf 
function represents the derivative with respect to the variable 
l. The sign of the derivative of the leaf function varied 
according to the range of the arc length l. As the range is 0ӌ
lӌʌn/2, we discuss the above equation. In the other range of 
the variable l, given in Table 2 and Table 3, note the sign of 
the derivative of the leaf function. 
 
8㸬 Conclusion 
 In the first report, the leaf function sleafn(l) is defined. In 
this report, the leaf function cleafn(l) is defined. The relation 
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Appendix A 
 In the case of n=2 and 3 in Eq.(1), the Taylor expansion 
of the leaf functions are described in the appendix. These 
Taylor expansions are satisfied with Eq. (1), Eq. (66), and 
Eq. (67). The Taylor expansion of the leaf function is created 
by deriving the leaf function. First, in the case of n=2, the 
first derivative of the leaf function sleaf2(l) is obtained as 
follows: 
 

















The second derivative of the leaf function sleaf2(l) is 
obtained as follows: 
 





2   (A2) 
 
The third derivative of the leaf function sleaf2(l) is obtained 
as follows: 
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The fifth derivative of the leaf function sleaf2(l) is obtained 
as follows: 
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The sixth derivative of the leaf function sleaf2(l) is obtained 
as follows: 
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The seventh derivative of the leaf function sleaf2(l) is 
obtained as follows: 
 
 















The eighth derivative of the leaf function sleaf2(l) is 
obtained as follows: 
 
 





















































The eleventh derivative of the leaf function sleaf2(l) is 
obtained as follows: 
 

















The twelfth derivative of the leaf function sleaf2(l) is 
obtained as follows: 
 















The thirteenth derivative of the leaf function sleaf2(l) is 
obtained as follows: 
 
 

















It continues in the same way below. The Taylor expansion is 
obtained as follows: 
 
     
   








































































The symbol O represents the Landau symbol. The symbol 
O(l17) represents the order of the error. 
The difference:   ¹¸
·
©¨





1 lllllsleaf  is 
within |l|17 when the variable l is sufficiently close to 0. The 
polynomial of Eq. (A14) is differentiated as follows:  
 
   151173222 10011532 lOllllsleafdld   (A15) 
 

































Through the results of both Eq. (A15) and Eq. (A16), the 
leaf function: sleaf2(l) is satisfied with Eq. (1). Next, the 
Taylor expansion is applied to the leaf function: cleaf2(l). 
























The second derivative of the leaf function cleaf2(l) is 
obtained as follows: 
 





2   (A18) 
 
The third derivative of the leaf function cleaf2(l) is obtained 
as follows: 
 







16   (A19) 
 
The fourth derivative of the leaf function cleaf2(l) is 
obtained as follows: 
 





2112   (A20) 
 
The fifth derivative of the leaf function cleaf2(l) is obtained 
as follows: 
 







110112   (A21) 
 
The sixth derivative of the leaf function cleaf2(l) is obtained 
as follows: 
 







10772   (A22) 
 
The seventh derivative of the leaf function cleaf2(l) is 
obtained as follows: 
 
 















The eighth derivative of the leaf function cleaf2(l) is 
obtained as follows: 
 


















































The eleventh derivative of the leaf function cleaf2(l) is 
obtained as follows: 
 
 

















The twelfth derivative of the leaf function cleaf2(l) is 
obtained as follows: 
 
 


















It continues in the same way below. The Taylor expansion is 
obtained as follows: 
 
     
   





















































































































































By both Eq. (A30) and Eq. (A31), we find that the Taylor 
expansion of the leaf function: cleaf2(l) is satisfied with 
Eq.(1). On the other hand, by substituting Eqs. (A32)-(A34) 





























































§   (A33) 
 



















Therefore, a Taylor expansion can be used to satisfy these 
equations with Eq. (66).  
Next, in the case of n=3, the Taylor expansion is applied 
to the leaf function. The first derivative of the leaf function 
sleaf3(l) is obtained as follows: 
 
   lsleaflsleaf
dl
d 6
33 1  (A35) 
 
The second derivative of the leaf function sleaf3(l) is 
obtained as follows: 
 





3   (A36) 
 
The third derivative of the leaf function sleaf3(l) is 
obtained as follows: 
 







115   (A37) 
 
The fourth derivative of the leaf function sleaf3(l) is 
obtained as follows: 
 







7415   (A38) 
 
The fifth derivative of the leaf function sleaf3(l) is 
obtained as follows: 
 









121445   
 (A39) 
 












231188845   
 (A40) 
 
The seventh derivative of the leaf function sleaf3(l) is 
obtained as follows: 
 
 
















The eighth derivative of the leaf function sleaf3(l) is 
obtained as follows: 
 
 



























































The eleventh derivative of the leaf function sleaf3(l) is 
obtained as follows: 
 
     


















   
 (A45) 
 
The twelfth derivative of the leaf function sleaf3(l) is 
obtained as follows: 
 
 
   
   
   253162341432
  004941481545-  002051848260





















The thirteenth derivative of the leaf function sleaf3(l) is 
obtained as follows: 
 
   
   
   ) 2366136528099708-























It continues in the same way below. Using the Taylor 










































Using the above polynomial, the following equation is 
obtained as follows: 
 
   231775322 5096130514153 lOllllsleafdld   (A49) 
 































Next, the Taylor expansion is applied to the leaf function: 
cleaf3(l). The first derivative of the leaf function cleaf3(l) is 




   lcleaflcleaf
dl
d 6
33 1  (A51) 
 
The second derivative of the leaf function cleaf3(l) is 
obtained as follows: 
 





3   (A52) 
 
The third derivative of the leaf function cleaf3(l) is 
obtained as follows: 
 







115   (A53) 
 
The fourth derivative of the leaf function cleaf3(l) is 
obtained as follows: 
 







7415   (A54) 
 
The fifth derivative of the leaf function cleaf3(l) is 
obtained as follows: 
 
 















The sixth derivative of the leaf function cleaf3(l) is 
obtained as follows: 
 
 













The seventh derivative of the leaf function cleaf3(l) is 
obtained as follows: 
 
 















The eighth derivative of the leaf function cleaf3(l) is 
obtained as follows: 
 
 















The ninth derivative of the leaf function cleaf3(l) is 
obtained as follows: 
 
 

















The tenth derivative of the leaf function cleaf3(l) is obtained 
as follows: 
 
   



















The eleventh derivative of the leaf function cleaf3(l) is 
obtained as follows: 
 
     


















  (A61) 
 
The twelfth derivative of the leaf function cleaf3(l) is 
obtained as follows: 
 
 
   
   























It continues in the same way below. Using the Taylor 





























































































































By Eq.(A64) and Eq. (A65), the polynomial of the leaf 
function by Taylor is satisfied with Eq. (1). The following 






















































































By substituting Eqs. (A66)-(A68) in Eq. (67), all terms are 
cancelled except for “ 1 ”. Therefore, a Taylor expansion can 
be used to satisfy these equations with Eq. (67).  
Next, in the case of n=4, the Taylor expansion is applied 
to the leaf function. The first derivative of the leaf function 
sleaf4(l) is obtained as follows: 
 





44 1    (A69) 
 
The second derivative of the leaf function sleaf4(l) is 
obtained as follows: 
 





4   (A70) 
 
The third derivative of the leaf function sleaf4(l) is 
obtained as follows: 
 







128   (A71) 
 
The fourth derivative of the leaf function sleaf4(l) is 
obtained as follows: 
 







5356   (A72) 
 
The fifth derivative of the leaf function sleaf4(l) is 
obtained as follows: 
 









1133280   (A73) 
 
The sixth derivative of the leaf function sleaf4(l) is obtained 
as follows: 
 












The seventh derivative of the leaf function sleaf4(l) is 




     
















  (A75) 
 
The eighth derivative of the leaf function sleaf4(l) is 
obtained as follows: 
 
   


















The ninth derivative of the leaf function sleaf4(l) is obtained 
as follows: 
 
   



















The tenth derivative of the leaf function sleaf4(l) is obtained 
as follows: 
 
   



















The eleventh derivative of the leaf function sleaf4(l) is 
obtained as follows: 
 
     


















   
 (A79) 
 
The twelfth derivative of the leaf function sleaf4(l) is 
obtained as follows: 
 
   



















  (A80) 
 
The thirteenth derivative of the leaf function sleaf4(l) is 
obtained as follows: 
 
     























It continues in the same way below. Using the Taylor 
expansion, the polynomial is obtained as follows: 
 
   33251794 1101607712247181 lOlllllsleaf   (A82) 
 
Using the above polynomial, the following equation is 
obtained: 
 
   3123157422 9183859144 lOllllsleafdld   (A83) 
 































We can find that the leaf function sleaf4(l) is satisfied with 
Eq. (1). 
 Next, the Taylor expansion is applied to the leaf 
function: cleaf4(l). The first derivative of the leaf function 
cleaf4(l) is obtained as follows: 
 
   lcleaflcleaf
dl
d 8
44 1  (A85) 
 
The second derivative of the leaf function cleaf4(l) is 
obtained as follows: 
 





4   (A86) 
 
The third derivative of the leaf function cleaf4(l) is 
obtained as follows: 
 







128   (A87) 
 
The fourth derivative of the leaf function cleaf4(l) is 











5356   (A88) 
 
The fifth derivative of the leaf function cleaf4(l) is 
obtained as follows: 
 
 















The sixth derivative of the leaf function cleaf4(l) is 
obtained as follows: 
 
 















The seventh derivative of the leaf function cleaf4(l) is 
obtained as follows: 
 
     
















  (A91) 
 
The eighth derivative of the leaf function cleaf4(l) is 
obtained as follows: 
 
   


















The ninth derivative of the leaf function cleaf4(l) is 
obtained as follows: 
 
   



















The tenth derivative of the leaf function cleaf4(l) is obtained 
as follows: 
 
   



















The eleventh derivative of the leaf function cleaf4(l) is 
obtained as follows: 
 
     





















The twelfth derivative of the leaf function cleaf4(l) is 
obtained as follows: 
 
   



















  (A96) 
 
It continues in the same way below. Using the Taylor 













































































































We can find that the leaf function cleaf4(l) is satisfied with 
Eq. (1). 
 Next, in the case of n=5, the Taylor expansion is applied 
to the leaf function. The first derivative of the leaf function 
sleaf5(l) is obtained as follows: 
 





55 1    (A100) 
 
The second derivative of the leaf function sleaf5(l) is 
obtained as follows: 
 





5   (A101) 
 
The third derivative of the leaf function sleaf5(l) is 
obtained as follows: 
 







145   (A102) 
 
The fourth derivative of the leaf function sleaf5(l) is 
obtained as follows: 
 







13845   (A103) 
 
The fifth derivative of the leaf function sleaf5(l) is 
obtained as follows: 
 









12215645   
 (A104) 
 




















The seventh derivative of the leaf function sleaf5(l) is 
obtained as follows: 
 
     
















  (A106) 
 
The eighth derivative of the leaf function sleaf5(l) is 
obtained as follows: 
 
   



















The ninth derivative of the leaf function sleaf5(l) is obtained 
as follows: 
 
     





















The tenth derivative of the leaf function sleaf5(l) is obtained 
as follows: 
 
     



















The eleventh derivative of the leaf function sleaf5(l) is 
obtained as follows: 
 
   



















  (A110) 
 
It continues in the same way below. Using the Taylor 
















































































We can find that the leaf function sleaf5(l) is satisfied with 
Eq. (1). 
Next, the Taylor expansion is applied to the leaf function: 
cleaf5(l). The first derivative of the leaf function cleaf5(l) is 
obtained as follows: 
 
   lcleaflcleaf
dl
d 10
55 1  (A114) 
 
The second derivative of the leaf function cleaf5(l) is 
obtained as follows: 
 





5   (A115) 
 
The third derivative of the leaf function cleaf5(l) is 
obtained as follows: 
 







145   (A116) 
 
The fourth derivative of the leaf function cleaf5(l) is 
obtained as follows: 
 







13845   (A117) 
 
The fifth derivative of the leaf function cleaf5(l) is 
obtained as follows: 
 
 



































The seventh derivative of the leaf function cleaf5(l) is 
obtained as follows: 
 
     
















  (A120) 
 
The eighth derivative of the leaf function cleaf5(l) is 
obtained as follows: 
 
   



















The ninth derivative of the leaf function cleaf5(l) is obtained 
as follows: 
 
     





















The tenth derivative of the leaf function cleaf5(l) is obtained 
as follows: 
 
     



















The eleventh derivative of the leaf function cleaf5(l) is 
obtained as follows: 
 
   























It continues in the same way below. Using the Taylor 


























































































 We prove that Eq. (67) is satisfied with respect to the 
arbitrary variable l. The following equation is considered. 
 
12 2222   yxyx  (B1) 
 
By solving the above equation with respect to the variable y, 








  (B2) 
 
The above equation is differentiated with respect to the 
variable x. 
 







  (B3) 
 
By multiplying 421 xx   in both the numerator and 
































































dy  (B6) 
 
The following equation is defined. 
 
 lcleafx 3  (B7) 
 
 lsleafy 3  (B8) 
 
Eq. (B7) is differentiated with respect to the variable l. 
 
  663 11 xlcleafdl
dx    (B9) 
 
Eq. (B8) is differentiated with respect to the variable l. 
 
  663 11 ylsleafdl
dy    (B10) 
 
By substituting both Eq. (B9) and Eq. (B10) in Eq. (B6), the 








































By satisfying Eq.(B6), the Eq.(B7) and Eq.(B8) are satisfied 
with Eq. (B1). 
 





















The Euler’s formula is as follows: 
 
   TTT sincos iei   (C1) 
 
Using the Euler’s formula, we can obtain the relation 
between the complex exponential function and the leaf 
function. 
 
     
  
  
























































Using the Eq. (58), the above equation is as follows: 
 
         nnnndttcleafni lcleafilcleafe l nn 210 1 r ³   (C3) 
 
By taking the loge of both sides of the above equation, we 
can make another equation: 
 
        ^ `nnnnel nn lcleafilcleafnidttcleaf 20 1 1log r ³   
 (C4) 
 
In the same way, the relation between the leaf function: 
sleafn(l) and the complex exponential function can be 
derived: 
 
        nnnndttsleafni lsleafilsleafe l nn r ³  210 1  (C5) 
 
By taking the loge of both sides of the above equation, we 
can make another equation: 
 





In the leaf functions sleafn(l) and cleafn(l) 
(n=1,2,3,4,5,100), the numerical data with respect to 




Table 4 Numerical data of leaf function: sleafn(l) with respect to variables l 
 
l r (=sleafn(l)) 
n=1 n=2 n=3 n=4 n=5 n=100 
0.0 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 
0.1 0.099833 0.099999 0.099999 0.099999 0.100000 0.100000 
0.2 0.198669 0.199968 0.199999 0.199999 0.200000 0.200000 
0.3 0.295520 0.299757 0.299984 0.299998 0.300000 0.300000 
0.4 0.389418 0.398978 0.399883 0.399985 0.399999 0.400000 
0.5 0.479425 0.496891 0.499442 0.499891 0.499978 0.500000 
0.6 0.564642 0.592307 0.598009 0.599441 0.599836 0.600000 
0.7 0.644217 0.683522 0.694183 0.697771 0.699104 0.700000 
0.8 0.717356 0.768313 0.785387 0.792669 0.796140 0.800000 
0.9 0.783326 0.844009 0.867486 0.879382 0.886246 0.900000 
1.0 0.841470 0.907683 0.934767 0.949545 0.958859 0.997779 
1.1 0.891207 0.956432 0.980707 0.991987 0.997401 0.913828 
1.2 0.932039 0.987748 0.999692 0.997357 0.988736 0.813828 
1.3 0.963558 0.999878 0.989089 0.964307 0.936130 0.713828 
1.4 0.985449 0.992115 0.950392 0.900534 0.855664 0.613828 
1.5 0.997494 0.964914 0.888559 0.817333 0.762260 0.513828 
1.6 0.999573 0.919815 0.810063 0.724051 0.664110 0.413828 
1.7 0.991664 0.859192 0.720971 0.626352 0.564532 0.313828 
1.8 0.973847 0.785891 0.625895 0.527010 0.464607 0.213828 
1.9 0.946300 0.702864 0.527828 0.427158 0.364616 0.113828 
2.0 0.909297 0.612857 0.428460 0.327182 0.264617 0.013828 
2.1 0.863209 0.518203 0.328621 0.227185 0.164617 -0.086172 
2.2 0.808496 0.420721 0.228648 0.127185 0.064617 -0.186172 
2.3 0.745705 0.321711 0.128650 0.027185 -0.035383 -0.286172 
2.4 0.675463 0.222003 0.028650 -0.072814 -0.135383 -0.386172 
2.5 0.598472 0.122054 -0.071349 -0.172814 -0.235383 -0.486172 
2.6 0.515501 0.022057 -0.171349 -0.272814 -0.335383 -0.586172 
2.7 0.427379 -0.077942 -0.271341 -0.3728071 -0.435378 -0.686172 
2.8 0.334988 -0.177924 -0.371279 -0.4727492 -0.535336 -0.786172 
2.9 0.239249 -0.277776 -0.470980 -0.5724464 -0.635074 -0.886172 
3.0 0.141120 -0.377172 -0.569934 -0.6712520 -0.733845 -0.986021 
3.1 0.041580 -0.475459 -0.666997 -0.7674226 -0.829207 -0.927657 









Table 5 Numerical data of leaf function: sleafn(l) with respect to variables l 
 
l r (=sleafn(l)) 
n=1 n=2 n=3 n=4 n=5 n=100 
3.3 -0.157745 -0.663869 -0.845202 -0.932725 -0.977301 -0.727657 
3.4 -0.255541 -0.750293 -0.917385 -0.983827 -0.999976 -0.627657 
3.5 -0.350783 -0.828242 -0.970094 -0.999829 -0.974439 -0.527657 
3.6 -0.442520 -0.894823 -0.997235 -0.976779 -0.909941 -0.427657 
3.7 -0.529836 -0.947099 -0.995142 -0.920265 -0.823533 -0.327657 
3.8 -0.611857 -0.982443 -0.964109 -0.841275 -0.727831 -0.227657 
3.9 -0.687766 -0.998905 -0.908268 -0.750021 -0.628956 -0.127657 
4 -0.756802 -0.995532 -0.833879 -0.653152 -0.529193 -0.027657 
4.1 -0.818277 -0.972521 -0.747279 -0.554095 -0.42923 0.072343 
4.2 -0.871575 -0.931190 -0.653544 -0.454324 -0.329234 0.172343 
4.3 -0.916165 -0.873757 -0.556112 -0.354365 -0.229234 0.272343 
4.4 -0.951602 -0.802997 -0.457002 -0.254370 -0.129234 0.372343 
4.5 -0.977530 -0.721869 -0.357248 -0.154370 -0.029234 0.472343 
4.6 -0.993691 -0.633184 -0.257295 -0.054370 0.070766 0.572343 
4.7 -0.999923 -0.539380 -0.157301 0.045629 0.170766 0.672343 
4.8 -0.996164 -0.442392 -0.057301 0.145629 0.270766 0.772343 
4.9 -0.982452 -0.343633 0.042698 0.245629 0.370765 0.872343 
5 -0.958924 -0.244028 0.142698 0.345625 0.470754 0.972334 
5.1 -0.925814 -0.144108 0.242695 0.445591 0.570671 0.941486 
5.2 -0.883454 -0.044115 0.342659 0.545391 0.670205 0.841486 
5.3 -0.832267 0.055884 0.442460 0.644550 0.768194 0.741486 
5.4 -0.772764 0.155875 0.541710 0.741710 0.861104 0.641486 
5.5 -0.705540 0.255775 0.639485 0.833665 0.940351 0.541486 
5.6 -0.631266 0.355314 0.733936 0.914090 0.990663 0.441486 
5.7 -0.550685 0.453922 0.821856 0.973033 0.996323 0.341486 
5.8 -0.464602 0.550618 0.898403 0.999355 0.955193 0.241486 
5.9 -0.373876 0.643931 0.957365 0.986746 0.881066 0.141486 
6 -0.279415 0.731861 0.992353 0.938343 0.790303 0.041486 
6.1 -0.182162 0.811921 0.998793 0.864333 0.693038 -0.0585140 
6.2 -0.083089 0.881266 0.975775 0.775596 0.593705 -0.158514 









Table 6 Numerical data of leaf function: cleafn(l) with respect to variables l 
 
l r (=cleafn(l)) 
n=1 n=2 n=3 n=4 n=5 n=100 
0.0 1.000000 1.000000 1.000000 1.000000 1.00000 1.000000 
0.1 0.995004 0.990049 0.985184 0.980451 0.975888 0.906914 
0.2 0.980066 0.960781 0.942809 0.926595 0.912333 0.806914 
0.3 0.955336 0.913842 0.878183 0.849205 0.826374 0.706914 
0.4 0.921060 0.851676 0.797825 0.758746 0.730839 0.606914 
0.5 0.877582 0.777159 0.707632 0.662211 0.632015 0.506914 
0.6 0.825335 0.693234 0.611978 0.563274 0.532264 0.406914 
0.7 0.764842 0.602609 0.513646 0.463537 0.432304 0.306914 
0.8 0.696706 0.507563 0.414175 0.363586 0.332308 0.206914 
0.9 0.621609 0.409858 0.314303 0.263592 0.232308 0.106914 
1.0 0.540302 0.310737 0.214323 0.163592 0.132308 0.006914 
1.1 0.453596 0.210986 0.114325 0.063592 0.032308 -0.093086 
1.2 0.362357 0.111027 0.014325 -0.036407 -0.067692 -0.193086 
1.3 0.267498 0.011028 -0.085674 -0.136407 -0.167692 -0.293086 
1.4 0.169967 -0.088970 -0.185674 -0.236407 -0.267692 -0.393086 
1.5 0.070737 -0.188947 -0.285663 -0.336404 -0.367691 -0.493086 
1.6 -0.029199 -0.288769 -0.385584 -0.436375 -0.467681 -0.593086 
1.7 -0.128844 -0.388082 -0.485219 -0.536203 -0.567602 -0.693086 
1.8 -0.227202 -0.486189 -0.583992 -0.635458 -0.667158 -0.793086 
1.9 -0.323289 -0.581954 -0.680635 -0.732900 -0.765230 -0.893086 
2.0 -0.416146 -0.673733 -0.772765 -0.825544 -0.858391 -0.992488 
2.1 -0.504846 -0.759356 -0.856486 -0.907398 -0.938254 -0.920743 
2.2 -0.588501 -0.836197 -0.926286 -0.968806 -0.989722 -0.820743 
2.3 -0.666276 -0.901342 -0.975673 -0.998524 -0.996884 -0.720743 
2.4 -0.737393 -0.951871 -0.998769 -0.989524 -0.957042 -0.620743 
2.5 -0.801143 -0.985211 -0.992412 -0.944057 -0.883663 -0.520743 
2.6 -0.856888 -0.999513 -0.957498 -0.871923 -0.793224 -0.420743 
2.7 -0.904072 -0.993943 -0.898594 -0.784163 -0.696072 -0.320743 
2.8 -0.942222 -0.968828 -0.822087 -0.688798 -0.596770 -0.220743 
2.9 -0.970958 -0.925599 -0.734190 -0.590291 -0.496905 -0.120743 
3.0 -0.989992 -0.866554 -0.639752 -0.490685 -0.396924 -0.020743 
3.1 -0.999135 -0.794505 -0.541984 -0.390765 -0.296926 0.079257 






Table 7 Numerical data of leaf function: cleafn(l) with respect to variables l 
 
l r (=cleafn(l)) 
n=1 n=2 n=3 n=4 n=5 n=100 
3.3 -0.987479 -0.623050 -0.342936 -0.190777 -0.096926 0.279257 
3.4 -0.966798 -0.528809 -0.242972 -0.090777 0.003074 0.379257 
3.5 -0.936456 -0.431567 -0.142975 0.009222 0.103074 0.479257 
3.6 -0.896758 -0.332676 -0.042975 0.109222 0.203074 0.579257 
3.7 -0.848100 -0.233017 0.057024 0.209222 0.303074 0.679257 
3.8 -0.790967 -0.133082 0.157023 0.309220 0.403072 0.779257 
3.9 -0.725932 -0.033086 0.257018 0.409204 0.503051 0.879257 
4 -0.653643 0.066913 0.356971 0.509094 0.602900 0.979220 
4.1 -0.574823 0.166900 0.456726 0.608581 0.702134 0.934572 
4.2 -0.490260 0.266778 0.555838 0.706716 0.799050 0.834572 
4.3 -0.400799 0.366249 0.653277 0.801108 0.888812 0.734572 
4.4 -0.307332 0.464703 0.747027 0.886703 0.960643 0.634572 
4.5 -0.210795 0.561107 0.833653 0.954795 0.997871 0.534572 
4.6 -0.112152 0.653934 0.908084 0.994128 0.987709 0.434572 
4.7 -0.012388 0.741126 0.963986 0.995855 0.933980 0.334572 
4.8 0.087498 0.820148 0.995094 0.959545 0.852927 0.234572 
4.9 0.186512 0.888129 0.997271 0.893507 0.759288 0.134572 
5 0.283662 0.942122 0.970207 0.809040 0.661061 0.034572 
5.1 0.377977 0.979443 0.917561 0.715167 0.561463 -0.065428 
5.2 0.468516 0.998055 0.845423 0.617234 0.461534 -0.165428 
5.3 0.554374 0.996881 0.760223 0.517813 0.361542 -0.265428 
5.4 0.634692 0.975990 0.667261 0.417941 0.261543 -0.365428 
5.5 0.708669 0.936585 0.570206 0.317961 0.161543 -0.465428 
5.6 0.775565 0.880799 0.471256 0.217962 0.061543 -0.565428 
5.7 0.834712 0.811364 0.371556 0.117962 -0.038457 -0.665428 
5.8 0.885519 0.731235 0.271618 0.017962 -0.138457 -0.765428 
5.9 0.927478 0.643256 0.171626 -0.082037 -0.238457 -0.865428 
6 0.960170 0.549912 0.071626 -0.182037 -0.338457 -0.965426 
6.1 0.983268 0.453197 -0.028373 -0.282036 -0.438452 -0.948401 
6.2 0.996542 0.354579 -0.128373 -0.382027 -0.538407 -0.848401 
6.3 0.999858 0.255035 -0.228371 -0.481959 -0.638131 -0.748401 
 
 
 
 
 
 
－68－
